We study the dynamics of a single two-dimensional elliptical particle sedimenting in a Newtonian fluid using numerical simulations. The main emphasis in this work is to study the effect of boundaries on the flow patterns observed during sedimentation. The simulations were performed using a multi-block lattice Boltzmann method as well as a finite-element technique and the results are shown to be consistent. We have conducted a detailed study on the effects of density ratio, aspect ratio and the channel blockage ratio on the flow patterns during sedimentation. As the channel blockage ratio is varied, our results show that there are five distinct modes of sedimentation: oscillating, tumbling along the wall, vertical sedimentation, horizontal sedimentation and an inclined mode where the particle sediments with a non-trivial orientation to the vertical. The inclined mode is shown to form a smooth bridge between the vertical and horizontal modes of sedimentation. For narrow channels, the mode of sedimentation is found to be sensitively dependent on the initial orientation of the particle. We present a phase diagram showing the transitions between the various modes of sedimentation with changing blockage ratio of the channel.
Introduction
There are many naturally occurring situations and industrial applications that involve the transport of inertial sized solid particles in a viscous fluid. Blood flow, slurries and colloids are some of the cases where neither the carrier fluid nor the suspended solid particle inertia can be neglected. In these situations, the Reynolds number is moderate, and the behaviour of the solid and fluid are coupled, and one must explicitly account for their mutual interaction when performing a computational simulation.
Several authors (see Brady & Bossis 1985; Sugihara-Seki 1993) have employed quasi-steady methods, ignoring transient effects of particle and fluid inertia, for simulating moving particles in creeping flows. demonstrated that even in low-Reynolds-number flows, there may be situations where inclusion of the transient terms alters the nature of the motion. They concluded that factors such as 'the unsteadiness of the quasi-steady Stokes motion, the nature of periodicity in the basic solution and wall effects' present situations where disregarding the transient terms leads to a qualitatively erroneous prediction of the flow character for quasisteady methods. Feng pointed out that 'walls tend to enhance the unsteady inertial effects and make quasi-steady solutions unstable to temporal disturbances imposed by the transient terms'. For simulations where wall effects dictate the complexion of the flow, it is compulsory to employ methods that account for transient terms, even for small-Reynolds-number flows, and to question the precarious integrity of results computed without those terms.
Several authors (see Hu, Joseph & Crochet 1992; Feng, Hu & Joseph 1994a, b; Huang, Feng & Joseph 1994; Hu 1995 Hu , 1996 Huang, Hu & Joseph 1998 ) studied solid-fluid suspensions with inertia using the finite-element method. While their technique captures the coupled interaction between the solid and the fluid phases, it can become computationally expensive. The translation and rotation of the solid particle involves regeneration of the mesh and projection of the fluid variables from the old to new mesh whenever the grid becomes too distorted. Physalis (Prosperetti & Oguz 2001 ) is another method that is capable of handling these types of simulations, though the analytical solution required near the particle surface restricts its use to particles of simple shape -essentially circular particles. Uhlmann (2005) has extended the immersed boundary method (Lai & Peskin 2000; Mittal & Iaccarino 2005) to simulate flows with rigid particles. As an auspicious alternative, the lattice Boltzmann method (LBM) (Frisch et al. 1987; Chen & Doolen 1998 ) became a popular tool for simulating solid particle suspensions (Ladd 1994a, b; Aidun & Lu 1995; Aidun, Lu & Ding 1998; Qi 1999; Ladd & Verberg 2001; Feng & Michaelides 2004) . In the LBM, the solid particles are mapped onto the fluid domain, defined on a stationary Cartesian grid. The discrete Boltzmann equation is solved in the fluid domain, where the NavierStokes equations are recovered through a multi-scaling expansion procedure. (Ladd 1994a, b) was the first to use the LBM to simulate solid particle suspensions, as he enhanced the standard bounce-back method to account for moving boundaries. The force and torque are calculated on the surface of the particle, whose position and velocity is updated according to Newtonian dynamics. There is no need to re-mesh the stationary grid as the particles move, economizing the computational cost of the simulation.
In this paper, we shall use the LBM to discuss some previously undisclosed features of two-dimensional elliptical particle sedimentation in a narrow channel. Though there have been many erudite studies of elliptical and ellipsoidal particle behaviour in Couette and Poiseuille flows (see Feng et al. 1994b; Feng, Huang & Joseph 1995; Ding & Aidun 2000; Qi et al. 2002) , this discourse will focus on two-dimensional sedimentation. An ostensibly innocent problem, elliptical particle sedimentation is teeming with latent physical phenomena. Feng et al. (1994a) demonstrated that an ellipse which settles between parallel walls will translate to the centre of the channel due to wall effects and orient itself so that its major axis is orthogonal to the direction of gravity for any initial configuration. They grouped the behaviour of the ellipse into four different regimes based on increasing Reynolds number: (a) approach to stable configuration which does not overshoot; (b) overshoot in both lateral and angular coordinates with eventual steady state at stable configuration; (c) periodic oscillation about stable configuration due to periodic swing of attached eddies prior to vortex shedding; (d ) enhanced oscillation about stable configuration due to vortex shedding. These regimes were descried for Reynolds numbers up to 345. Adjusting the blockage ratio altered the Reynolds number intervals these regimes occurred in. Increasing the Reynolds number further led to a chaotic tumbling motion. One interesting disparity between a circular and an elliptical particle at a Reynolds number high enough is that the circular particle will establish its lateral equilibrium position off centre, stabilized by a unidirectional rotation. A stabilizing pressure couple does not allow the ellipse to achieve this rotation, thus resigning the particle to oscillation about the centre. Huang et al. (1994) analysed the turning couples on an ellipse in the regime where there is oscillation due to vortex shedding. They calculated the distributions of pressure and shear stress on the surface of the particle and separated the total torque into their respective contributions. They concluded that high pressure at a front stagnation point, defined as the location where the shear stress vanishes, is the stabilizing mechanism which turns the ellipse broadside horizontal. Large negative pressures on the back side of the ellipse due to periodic vortex shedding induce the lateral oscillation, but these pressures are relieved after the vortex is shed and the stabilizing mechanism takes over. The viscous stresses oppose the motion, but the resulting torque is an order of magnitude smaller than the pressure torque. Huang et al. (1998) first made the analogy between the unstable vertical orientation of an elliptical cylinder and two 'kissing' circular cylinders. However, they serendipitously discovered a case where an ellipse will settle vertically at a small enough Reynolds number. They corroborated this surprising result with an experiment, and conjectured that the explanation is probably found in lubrication forces at low Reynolds number which would tend to produce high pressures in the converging gap between the walls at the top and bottom of the tilted ellipse. Qi (1999) confirmed this result using a lattice Boltzmann simulation. Huang et al. (1998) also performed simulations of sedimentation in a non-Newtonian fluid where they found stable configurations that were either vertical at the centre or tilted off centre when the visco-elastic effects were able to overcome inertial effects. Swaminathan, Mukundakrishnan & Hu (2006) simulated the sedimentation of a three-dimensional ellipsoidal particle in a Newtonian fluid using the finite-element method and showed that for Reynolds numbers of O(1), the particle can sediment with an inclination to the horizontal. Aidun et al. (1998) simulated multiple elliptical particles settling in a vertical channel with the same configuration while changing the Reynolds number and found the behaviour of the trajectories to change with increasing Reynolds number.
The main focus of this work is to present a detailed investigation of the effects of boundaries on the mode of sedimentation. Previous investigations of sedimentation have mostly considered the case of wide channels (or tubes) where the characteristic size of the channel is at least four times the major axis of the ellipse. As a first step towards understanding the boundary effects, we present here the results of sedimentation of a two-dimensional elliptical particle in narrow channels. Two-dimensional simulations serve as a convenient starting point towards threedimensional simulations. This is especially true for the LBM, where modifying a two-dimensional code to handle three dimensions is a relatively straightforward task. Further, two-dimensional simulations also help us to understand the effect of dimensionality when the results are compared with those obtained with threedimensional simulations. In this paper, we will see that the influence of the channel walls on the behaviour of the ellipse extends beyond that which has been previously reported. Even for situations in a Newtonian fluid where the system has sufficient inertia, the presence of the walls can cause the ellipse to behave unexpectedly. For a given system defined by the aspect ratio, density ratio and Reynolds number in a regime prior to vortex shedding, the elliptical particle may pass through several behavioural regimes for a decreasing blockage ratio: (a) major axis horizontal at the channel centre; (b) inclined off centre; (c) vertical at the channel centre; (d ) periodic tumbling and (e) an oscillating mode of sedimentation. Furthermore, we find that for blockage ratios slightly greater than unity, the ellipse develops a seemingly whimsical nature where it will adopt a different regime behaviour for the same blockage ratio, depending on the initial lateral position and orientation. This may prove that other modes of settling depend on more than just the Reynolds number. For the conclusions presented in this paper, the results from the LBM and the finite-element method are consistent.
To perform these simulations more accurately, we augmented Ladd's technique with several enhancements. We adopted the method by Aidun et al. (Aidun & Lu 1995; Aidun et al. 1998) to remove fluid on the inside of the particle; Mei et al.'s (Mei, Luo & Shyy 1999) method to achieve second-order accuracy for boundary conditions on the surface of the particle; Inamuro et al.'s (Inamuro, Maeba & Ogino 2000) method to calculate the force on the particle, adapted by Li et al. (2004b) ; Glowinski et al.'s (Glowinski et al. 2001) method to apply an appropriate lubrication force when there are no fluid nodes between the particle and the sidewall and Yu et al.'s multi-block method to increase the resolution in the vicinity of the particle. The details of the numerical method are illustrated in § 2. The code is validated in § 3, and some results for varying aspect ratio and density ratio are given for wide channel sedimentation. Section 4 discusses results for sedimentation in a narrow channel. Finally, some concluding remarks are considered in § 5.
Numerical method
2.1. Lattice Boltzmann model The Lattice Boltzmann Equation (LBE) (Frisch et al. 1987; McNamara & Zanetti 1988; Chen, Chen & Matthaeus 1992; Chen & Doolen 1998; Yu et al. 2003) with the single relaxation time (SRT) approximation (Bhatnagar, Gross & Krook 1954; Chen et al. 1992; Qian, d'Humieres & Lallemand 1992 ) is written as
where τ is the relaxation time, x is a discretized point in physical space, t is the discretized time and δt is the time step. f α and f (eq) α are the distribution function and corresponding equilibrium distribution function associated with the αth discrete velocity direction e α , respectively. In the two-dimensional nine-velocity lattice (D2Q9) model (Qian et al. 1992) shown in figure 1, the discrete velocity set is
Here, the lattice speed c = δx/δt, where δx is the lattice constant. The equilibrium distribution functions for this lattice are of the form Figure 1 . Lattice structure of the two-dimensional 'D2Q9' lattice. where ρ is the fluid density, u is the fluid velocity and w α are the quadrature weights given by
for α = 0, 1/9 for α = 1-4, 1/36 for α = 5-8. The macroscopic Navier-Stokes equations can be obtained from the LBE through a Chapman-Enskog expansion (He & Luo 1997; Chen & Doolen 1998) .
Boundary conditions for complex geometry
Consider the solid wall that is represented in figure 2. The particle is mapped onto the existing mesh and the boundary divides the solid region x b from the fluid region x f . In his simulations of suspension flows, Ladd (1994 b) placed the wall along the link, half-way between the fluid and boundary node, referred to as Bounce-Back on the Link (BBL). This portrays the curved boundary as a series of steps and, under certain circumstances, results in spurious oscillations in the vicinity of the boundary (Yu et al. 2003 ). To achieve the highest possible accuracy, the boundary conditions should account for the exact position of the wall (x w ) along the link. For simulations that involve moving complex boundaries, we employ the method proposed by Filippova & Hanel (1997) and improved upon by Mei et al. (1999) . Mei et al. demonstrated that their scheme is both accurate and stable. Instead of placing the solid wall at the centre of the link, this method explicitly computes the fraction of a link in the fluid domain and uses this information along with an interpolation technique to implement the boundary conditions. The fraction of link in the fluid is computed as
After the streaming operation in the LBM, the distribution function along e α at the wall can be obtained using linear interpolation between the fluid node and the boundary node,
To guarantee the no-slip boundary condition at the wall, the unknown distribution function along eᾱ can be computed as
where u w is the wall velocity. We can now compute fᾱ(x f , t + δt) using
Due to the movement of solid particles over the lattice, certain nodes which were in the fluid domain at one time step may be covered by the particle the subsequent time step. The fluid at this node is removed from the system (Aidun & Lu 1995; Aidun et al. 1998) . On the other hand, a node may be in the solid region at a particular time step, and on the ensuing time step find itself in the fluid region. When such a fluid node is recovered, the distribution function at this newly created node is assumed to be the average of the extrapolated distribution function values from a second-order extrapolation scheme over all the possible directions (Chen, Martinez & Mei 1996; Fang & Chen 2004) . Fang et al. (2002) has shown that the mass is approximately conserved at the boundaries.
Force calculation on particle surface
The calculation of the hydrodynamic force and torque on a solid particle immersed in a fluid flow is a matter of critical importance. Since the behaviour of the particle and the carrier fluid are directly coupled, the obligation to incorporate an accurate force calculation algorithm is evident.
Stress integration
The two methods of force calculation used in the LBM are the momentum exchange (ME) method (Ladd 1994a, b; Aidun et al. 1998; Mei et al. 2002) , unique to the LBM, and the method of stress integration (SI) (He, Luo & Dembo 1996; He & Doolen 1997; Filippova & Hanel 1998) . While the ME method has its advantages, we adopt the SI method for this work because it is accurate, and easily implemented in two dimensions. The force on the particle due to the fluid is given by,
where σ is the stress tensor, ∂Ω is the surface of the particle, n is the outward pointing normal vector and the integration is on the surface of the particle. The stress tensor is given by,
10) where p is the pressure and
One of the advantages of the LBE is that the viscous stresses can be computed using the non-equilibrium components of the distribution function . Inamuro et al. (2000) showed that the stress tensor can be calculated using
Li et al. (2004b) used (2.12) to determine the stress tensor on the surface of the particle after suitably extrapolating the distribution functions to the wall. The force and torque on the surface are calculated by integrating the extrapolated stress tensor over the particle surface, where the integral is approximated by the quadrature of 400 points. After the force and torque on the particle are determined, the translation and rotation of the particle are updated at each Newtonian dynamics time step, by using a half-step 'leap-frog' scheme (Allen & Tildesley 1987; Li et al. 2004b ).
Particle-wall interaction
Due to the fact that our simulations involve narrow channels, the particle will inevitably travel close to the wall under certain circumstances. When the particle wanders so close that there are no fluid nodes on the fixed grid between the particle surface and the wall, the above force calculation will break down at that point. If the gap between the particle and the wall is less than some threshold distance, in this case a single lattice unit, a supplementary short-range repulsive force should be introduced to prevent the particle from penetrating the wall. There are two different ways to get this repulsive force. One is to add a spring force (Höfler & Schwarzer 2000; Glowinski et al. 2001; Feng & Michaelides 2004) . Since their formula is for circular case, we have adjusted it slightly to account for elliptical particles. The repulsion force is given as
Here, x c is the point on the elliptical particle closest to the wall, and x is the corresponding point on the wall, i.e. |x − x c | is the smallest distance between any point on the ellipse and the wall. C is a force scale and ε w is a stiffness parameter to be determined. ζ is the threshold distance mentioned above. C = (ρ p − ρ f )A p g is the relative gravitational force scale, where ρ p and ρ f are the solid and fluid density, respectively, A p is the area of the ellipse and g is the gravitational acceleration. Unlike Figure 3 . Comparison of the trajectories of an elliptical particle when the particle-wall interaction is important. The solid line is for the lubrication force correction and the solid squares are for the spring force correction. The parameters (defined in § 3) for this simulation are aspect ratio α = 2.0, blockage ratio β = 16/13 and density ratio γ = 1.1. the circular particle case, this force produces a torque for an elliptical particle as it is not necessarily directed through the centre of mass.
Another approach is to introduce a lubrication force (Ladd 1994 b; Ladd & Verberg 2001; Nguyen & Ladd 2002; Li et al. 2004a ). The lubrication formula for two circular cylinders is as follows: are their velocities along the line joining their centres and λ is the gap between the cylinders. Also, the same adjustment should be made to account for elliptic particle.
In figure 3 , we compare the trajectory of an elliptical particle computed using two different repulsive force approximations. The solid curve was obtained using the lubrication correction and the symbols were obtained using spring force correction. It can be seen that the repulsive force schemes do not alter the dynamics of the particle.
For the results shown in this paper, the spring force scheme is used, where ε w = 0.25 and ζ = 1.0. The results were also found to be consistent with those obtained with a finite-element method in which the mesh is adaptive and locally fine enough to resolve the gap between the particle and the wall. No lubrication method is used for the finite-element model.
Dynamic multi-block scheme
In order to improve the simulation accuracy without rendering the computational cost prohibitive, we refined the mesh in the vicinity of the particle using a multi-block scheme. Our scheme is essentially the same as the multi-block scheme presented by Yu et al. (2002) , the only difference being that the refined grid travels with the particle. The refinement is applied over a subdomain the entire width of the channel, a length of one particle major-axis ahead through one and a half major-axis behind the centre of mass in the vertical direction. Given the particle position at a particular Figure 4 . The geometry of the simulation domain -a and b are the major and minor axes of the particle, θ is the orientation of the particle with the horizontal.
time step, we refine the subdomain as if the particle were static. Then every time the particle progresses one vertical lattice unit in the coarse grid, the refined subdomain gets shifted, in essence adding one 'layer' ahead of the particle and removing one 'layer' behind. The refinement factor defines the size of the 'layer' of fine lattice units corresponding to one coarse lattice unit. We perform simulations using refinement factors as large as four.
2.5. Finite-element computations To verify the results from the lattice Boltzmann computations, we also performed a set of simulations using the finite-element method. The method, originally developed by Hu et al. (1992) , uses an Arbitrary Lagrangian-Eulerian (ALE) formulation with a moving finite-element mesh. A recent review of the method along with several benchmark problems are reported in Hu, Patankar & Zhu (2001) . The ALE method uses a six-node curved element spacial discretization with a second-order discretization in time. The method combines an explicit update of the finite-element mesh and the particle position with an implicit calculation of the fluid and particle velocities for enhanced numerical stability. Compared to the lattice Boltzmann technique, this method has the advantage of being able to simulate the dynamics of particulate systems without resorting to an artificial lubrication force -when the particle gets too close to a wall, the mesh automatically improves its resolution locally to resolve the gap between the particle and the wall. However, the disadvantage with such an approach is that, as the mesh moves along with the particle it tends to get distorted or elongated and the mesh needs to be regenerated periodically. This is in general a computationally expensive operation.
Validation of the numerical method
A schematic illustration of the computational domain for this work is shown in figure 4 . The major and minor axes of the ellipse are a and b, respectively, the width of the domain is L and the particle's angle of inclination with respect to the horizontal axis is θ. Choosing the major axis of the particle as the length scale, we see that there are four dimensionless parameters given by
where ρ p and ρ f are the densities of the particle and the fluid respectively, U t is the terminal velocity of the particle and ν is the viscosity of the fluid. In physical units, the major axis of the ellipse is 0.1 cm and the kinematic viscosity of the fluid is taken to be 0.01 cm 2 s −1 . The lattice Boltzmann simulations use a coarse grid with a resolution of 260 grid cells per cm. For narrow channel simulations where the wall effects are crucial, we used a refinement factor of 4 in the vicinity of the particle. This gives a fine-grid resolution of 104 grid cells across the major axis. The coarse-grid relaxation time (τ c ) is equal to 0.6, which gives about 2 × 10 4 coarse-grid time steps per second.
In figure 5 , we compare the results of the particle's trajectory (location of the centre of mass at different times) computed using the LBE and the finite-element method when β = 4.0 and α = 2.0. The density ratio is γ = 1.1 and the particle is started in the centre of the domain with an initial angle of θ 0 = π/4. It is clear that the results obtained using both the methods are extremely consistent with each other. The particle settles in the centre of the channel and sediments in a horizontal configuration (θ = 0).
In figure 6 we show the streamlines across the fine mesh -coarse mesh boundary. It can be seen that the flow proceeds smoothly between the domains with different resolution, and there are no oscillations due to the multi-block scheme. We also performed some simulations where the size of the fine-grid domain was changed. A simulation using fine grid everywhere gave the same results as the one with multiblock implementation. The local multi-block scheme permits us to get much better resolution closer to the particle and is especially useful when the particle is very close to the walls. Figure 6 . (a) Streamlines across the coarse mesh -fine mesh boundary. Also shown are views of the streamlines magnified by a factor of 25 (b) behind the particle and (c) ahead of the particle.
Effect of density ratio
In this section, we describe the pattern of sedimentation when the density ratio varied in the range 1.01 6 γ 6 2.5. For boundary conditions in the direction of gravity, we impose a no-flow condition (v = 0) at a distance of 10a ahead of the particle, where a is the major axis. Behind the particle, the flow is taken to be fully developed at a distance of 15a when the density ratio γ 6 1.15. For higher density ratios, the particle periodically sheds vortices and we need to use a larger domain size. The fully developed flow condition is applied 25a behind the particle when 1.15 < γ 6 1.5 and 40a behind the particle when γ > 1.5. To check the accuracy of these boundary conditions, we have also performed simulations with a closed domain (walls on all four sides) with a total length of 100a. Figure 7 shows the terminal Reynolds number as a function of the density ratio. These simulations were performed with a blockage ratio of β = 4.0 and with elliptical particles of aspect ratio α = 2.0. The particles were released from the centre of the domain with an initial inclination of θ = π/4 to break the symmetry. In cases where the final state of the particle is of an oscillating nature, the Reynolds number was calculated using the average velocity. For low density ratios (γ − 1 1), the nonlinear terms are negligible and the flow is dominated by viscous effects. This results in a linear increase of the terminal velocity with the density ratio. For higher density ratios (γ − 1 ∼ O(1)), the drag on the particle becomes quadratic in the mean velocity, resulting in the Reynolds number scaling as
The density ratio also effects the mode of sedimentation. For low density ratios, the particle sediments horizontally with a constant velocity, whereas for higher density ratios we observe an oscillating pattern due to the periodic shedding of vortices behind the particle. The flow patterns during this oscillating phase are shown in figure 8 and the transition between the two regimes is shown in figures 9 and 10.
Effect of aspect ratio
We now investigate the effect of varying the particle aspect ratio. Here we used multi-block scheme with a refinement factor of 3. The aspect ratio is varied between Figure 9 . Pattern of sedimentation for different density ratios with β = 4.0 and α = 2.0. For low density ratios (γ = 1.01 and 1.1) the particle settles down with a constant velocity. For higher density ratios (γ = 1.3 and 1.5) the particle sediments with an oscillatory motion. α = 1 (corresponding to a circular particle) and α = 13. In all of these simulations, the blockage ratio is fixed at β = 4.0. The major axis of the particle is also held fixed. For the most slender shape, the minor axis was resolved using six lattice units. In figure 11 , we show the terminal Reynolds number for different aspect ratios. The Reynolds number is seen to display a non-trivial scaling with the aspect ratio as
It must be noted that there are two different effects that are responsible for this scaling: (i) change in the aspect ratio and (ii) change in the mass of the particle. To keep all the non-dimensional parameters except the aspect ratio fixed, the density ratio was also kept constant. This results in the mass of the particle reducing with increasing aspect ratio. However, we find that the exponent of −0.7 cannot be explained using any simple argument and further careful study is needed to explain this dependence.
Results for narrow channels
For sufficiently large blockage ratio the sedimentation pattern naturally becomes independent of the size of the domain. In the case of γ = 1.1, when the blockage ratio β is larger than 2.0, the particle always settles horizontally with a constant terminal Figure 12 . Terminal state orientation and position of the particle for different blockage ratios with γ = 1.1 and α = 2.0. Cases where the particle is oscillating (max{|θ/π−0.5|} < 0.5, β < 2.0) or tumbling (max{|θ/π − 0.5|} = 0.5, β < 2.0) are denoted using lines representing the range of oscillation. Here h = y/L. velocity. As the blockage ratio is reduced below 2.0, the system begins to transit into different kinds of sedimentation. For this case, we also show in this section that the pattern of sedimentation depends sensitively on the initial conditions.
In figure 12 , we show the terminal state orientation θ and horizonal positions h = y/L of the particle for different blockage ratios. We also present snapshots of the particle's position in different modes of sedimentation in figure 13. For extremely low blockage ratios where the width of the channel is smaller than the major axis of the particle (β 6 1.0), the particle 'wiggles' down the channel, oscillating around the centreline. This is represented in figure 12 with lines that show the magnitude of the particle's oscillation. Snapshots of this oscillatory motion as observed in an LBM simulation (α = 2.0, β = 12/13 and γ = 1.1) are shown in figure 13(a). As the blockage ratio is slowly increased, the magnitude of the oscillation also increases. Eventually the oscillations transition to a 'tumbling regime' where the particle rolls down along one of the walls of the channel. This is represented in the plot with lines spanning the entire range [0, π] . This tumbling motion which is sketched in figure 13 (b) is seen to be associated with an anomalous rotation as reported for circular particles by Liu et al. (1993 ), Feng et al. (1994a and Hu (1995) . A further increase in the blockage ratio results in the particle sedimenting vertically (shown in figure 13c ) for a small range of blockage ratios (β ∼ 1.5). This mode of sedimentation is only observed for a very narrow range of blockage ratios. It must be mentioned that the Reynolds number for this simulation is O(10) as opposed to the vertical sedimentation observed by Huang et al. (1998) where the blockage ratio was β = 5.0 and the Reynolds number was much lower (Re = 0.31). In the results published in Huang et al. (1998) , the vertical sedimentation is a low-Reynolds-number effect, whereas, in our simulations the vertical sedimentation occurs due to the strong effect of the boundaries. When 1.5 6 β 6 2.0, the particle sediments off-centre with a constant non-trivial inclination to the horizontal. This inclined sedimentation is sketched in figure 13(d) . A similar inclined mode of sedimentation was observed for three-dimensional ellipsoids sedimenting in infinitely long tubes by Swaminathan et al. (2006) . In this work, the particle is sedimenting in a relatively wide tube (diameter is four major axes) and the inclined mode is seen to occur for Reynolds number of O(1). The orientation of the particle at steady state was found to vary between 82
• and 90
• . However, the inclined mode shown in this paper is the result of extremely Figure 14. Trajectory of the particle computed using LBM and FEM. Both the methods show the particle to be sedimenting with an inclination to the horizontal. The parameters for this simulation are α = 2.0, β = 22/13 and γ = 1.1. strong wall effects and the inclination of the ellipse varies smoothly from 0
• to 90
• forming a bridge between the vertical and horizontal modes of sedimentation. The Reynolds numbers obtained in our work are also higher by an order of magnitudefor the case shown in figure 14 , we have Re = 8.7. An inclined mode of sedimentation was also reported by Huang et al. (1998) for sedimentation of elliptical particles in Oldroyd-B fluids. The angle which the particle makes with the horizontal decreases monotonically until β = 2.0 beyond which the particle always sediments horizontally. To verify that this result is not a numerical artefact, we compared the results of the LBM computation with those obtained using a finite-element computation using the same initial conditions. In figure 14 , we show the trajectory of the particle obtained using the two different methods. While there is some difference in the transient dynamics of the particle, both simulations terminate with a steady state in which the particle is sedimenting slightly off-centre with an inclination of θ ∼ 0.63π.
In figure 15 , we show the steady-state velocity of the particle in a U x versus U y plot. The horizontal, inclined and vertical modes of sedimentation are fixed points on such a representation and are not shown in figure 15 . For lower blockage ratios, there is a Hopf bifurcation to a tumbling state along one wall which is shown as the orbit in figure 15(a) . At even lower blockage ratios, we get a wall-to-wall oscillation which appears as the two-period orbit as shown in figure 15(b) . A detailed investigation of this kind was performed by Aidun & Ding (2003) for a two-cylinder system showing the period-doubling transition to chaos. In summary, there are a total of five sedimentation patterns which are realized: (i) oscillating (figure 13a), (ii) tumbling (figure 13b), (iii) vertical sedimentation (figure 13c), (iv) inclined sedimentation (figure 13d) and (v) horizontal sedimentation (figure 13e) for these cases the parameters are γ = 1.1, α = 2.0, h 0 = 0.5 and θ 0 = π/3.
For blockage ratios less than unity, the lack of space restricts the motion of the particle to that of oscillation. When 1.5 6 β 6 2.0 however, the particle has more possibilities and the steady-state pattern depends sensitively on the initial conditions. In figure 16 , we plot the trajectory of the particle starting from multiple initial conditions. The initial conditions are marked by the bold squares. In figure 16(a) , we show the trajectories when the particle is released from the centre of the channel with different initial angles of orientation. The plot is symmetric about θ = π/2 as one would expect. For small initial angles of inclination, the particle glides along its major axis until it gets close to the wall and sediments executing an oscillatory motion along the wall. In figure 16 (a) this is represented by the periodic orbits in the bottom-left and top-right of the diagram. When θ ∈ (0, π/4) the oscillation is along the left wall and for θ ∈ (3π/4, π) the oscillation is along the right wall. For |θ − π/2| < π/6, the particle sediments making a constant angle with the horizontal. This mode of sedimentation is shown by the set of fixed points in the diagram. For the case shown in figure 16 , the fixed points are θ = 0.37π and 0.63π. If the angle of inclination is close to π/4, the particle gets too close to the wall during its gliding motion and encounters a strong interaction force due to the wall. This results in the particle being pushed to the opposite wall and sedimenting along it with an oscillatory motion. This mode of sedimentation is shown by the trajectories starting at θ = 0.3π and 0.7π in figure 16(a) . In figure 16(b) , we show the effect of varying the initial lateral position of the particle, keeping the initial inclination fixed at θ = π/2. We have done a detailed study of the basins of the attraction of the two different modes of sedimentation. In figure 17(a) , we show the final mode of sedimentation for a large set of initial conditions. The space of initial conditions is seen to be sharply divided into two distinct regions. In this figure, the blue squares represent the initial conditions leading to an oscillation along one of the walls whereas the red circles represent the inclined mode. The solid black lines represent a geometric constraint reflecting the size of the ellipse -it is not possible for the particle's centre of mass to be beyond these lines. In figures 17(b) and 17(c) we show the snapshots of the particle's position during the inclined mode and the oscillatory mode, respectively. During the oscillation along the wall, we notice that the particle briefly executes a pivoting motion when it is closest to the wall. In the periodic orbits shown in figure  16 (a), this corresponds to the point where the orientation of the particle changes sign. This motion is different from the pivoting motion described in Russel et al. (1977) and observed by Swaminathan et al. (2006) in their simulations. We believe that the pivoting motion described in Russel et al. (1977) is a purely three-dimensional effect. In two dimensions, such a motion would require the entire fluid to be squeezed through the narrow gap between the particle and the wall. The flow produces enough torque to make this mode unstable. In three dimensions however, it is possible for the fluid to flow around the particle, maintaining stability of the motion.
Anomalous rotation near the wall
It has been mentioned that a circular particle sedimenting in a channel rotates as it approaches its equilibrium position. It was previously noted (Feng et al. 1994a; Hu 1995) that although the particle translates in the downward vertical direction, it rotates as if it was contacting and rolling up the near wall. This phenomenon is not Figure 18. Snapshots of a particle (α = 2.0) tumbling along the wall -shown are the contours of vorticity. The particle's sense of rotation is as if it was rolling up the wall. The blockage ratio is β = 1.23 and density ratio γ = 1.1. necessarily intuitive and was given the appellation 'Anomalous Rotation'. Hu (1995) performed finite-element simulations to analyse the forces and torques acting on a sedimenting cylinder. He also performed a lubrication analysis when the particle is translating very close to the wall, and concluded that the torque was independent of the gap thickness. It was hypothesized that this behaviour was due to wall effects, but a more specific explanation is yet to be presented. Similarly in our elliptical sedimentation results, for the cases where the particle exhibits a continuous rotation, we find that this rotation is also in the anomalous sense. In figure 18 , we show the contours of the fluid vorticity at different instances during one period of the particle's rotation along the wall. The particle executes a tumbling motion with a sense of rotation as if it was moving up the wall.
A definitive explanation of this phenomenon remains elusive because the net torque on the particle is small compared to the individual positive or negative contributions. In figure 19 , we show the normal and tangential components of the force on the surface of the particle corresponding to the snapshots in figure 18 . At every point, the normal vector is the contribution due to the pressure and the tangential component is due to the shear stress. It can be seen that when the particle configuration is close Figure 19. Distribution of pressure and viscous forces on a particle tumbling along the wall (not shown, on the left of the particle) for the snapshots shown in figure 18 .
to horizontal, the torque due to the flow in the narrow gap between the particle and the wall (on the left) is comparable to that due to the flow on the wider side.
In figure 20 (a-e), we show the local torque normalized by T g = (γ − 1)ρ f A p ga (where A p is the area of the particle) on the surface of the particle due to the pressure and shear stresses. Unlike circular particles, for an elliptic particle the local normal to the surface does not pass through the centre of the ellipse, except, at the tips of major and minor axes. For this reason, pressure forces also make a contribution to the torque on the particle. It can be seen that the contribution from pressure vanishes at the ends of the major and minor axes, as expected. Also shown in figure 20(f) are the total pressure and viscous contributions to the torque at different instances during the particle's period of oscillation. The fact that the angular velocity is periodic requires that the time-integral of the total torque over a period vanishes, which is seen to be the case from the LBM simulations.
The distributions of torque offer us some insight into the dynamics of the anomalous rotation. When the particle is released with some inclination, it glides along its major axis until it gets close to the wall. Throughout this discussion, we will assume that the initial inclination is θ < π/2 such that the motion of the particle is towards the left wall. During this motion, the shear stress due to the fluid being displaced upwards tends to rotate the particle in the anticlockwise sense whereas the pressure at the stagnation point below the particle tends to rotate it clockwise. The torques due to these two forces are seen to be almost equal in magnitude. The particle's approach to the wall is always along a trajectory in which the point of closest separation from the wall is below the particle's centre of mass. As the particle gets close to the wall, the pressure at this point increases significantly due to the interaction with the wall. From figure 20(d) , we see that at t = 0.6τ (where τ is the period of the tumbling motion) there is a strong contribution to the pressure component of the torque due to this interaction. The fluid squeezing through the narrow gap between the particle and the wall acts to diminish the effect of the torque due to pressure-buildup. However, we see that the magnitude of the torque due to pressure is slightly larger than the counter-acting torque due to viscous stresses. This results in a net positive torque on the particle, rotating it in the anomalous sense. This mechanism could provide a possible explanation for the anomalous rotation of elliptic particles. However as mentioned above, this is a very subtle effect and further studies are needed to provide more insight into the phenomenon. 
Conclusions
We have presented lattice Boltzmann and finite-element computations of sedimentation of a single two-dimensional elliptical particle in a channel. For all the cases presented in this paper, the results from the LBM are consistent with those obtained using the finite-element method, establishing the LBM as a reliable tool for modelling fluid-solid interactions. For wide channels (where the blockage ratio, β > 2.0) our results are consistent with those reported by other authors. The simulations show that at low channel blockage ratios, the particle undergoes a series of transitions in the pattern of sedimentation including oscillation, tumbling, horizontal sedimentation, vertical sedimentation and a previously unknown inclined mode of sedimentation where the particle sediments with a non-trivial inclination to the horizontal. We have also shown that for channels with low blockage ratio, the final mode of sedimentation depends sensitively on the initial conditions, specifically the initial angle of orientation whereas for wide channels the sedimentation of the particle was found to be insensitive to the initial conditions.
It was found that the terminal Reynolds number obeys a non-trivial scaling with respect to the aspect ratio of the particle, Re ∼ α −0.7 . As of this writing, the reasons behind this scaling are not clear and need further research to understand this behaviour. We also observe the 'anomalous' rotation of the elliptical particle where the particle tumbles along the wall with a sense of rotation as if it was rolling up the wall. We have studied the balance of forces and torques acting on the particle during this motion. We find that the anomalous rotation appears to be caused by a subtle effect arising after the cancellation of torques due to pressure and viscous stresses acting on different parts of the ellipse.
The lattice Boltzmann technique used in this paper can be extended without much difficulty to higher Reynolds numbers and simulations involving interactions among multiple particles. One would need to use a hierarchical multi-block scheme to obtain fine resolution in the vicinity of the particle. The experience gained from the research on particle-wall interactions in this paper will help us in more complicated scenarios involving particle-particle interactions.
In the future, we plan to extend this work to three dimensions, where experiments have already confirmed an inclined mode for ellipsoidal particles in tubes (Swaminathan et al. 2006 ) and rotating cylinders (Seddon & Mullin 2007) . This is similar to the inclined mode observed by us in the two-dimensional simulations.
